
Lemma [Blais, Håstad, Servedio, Tan ‘14] (restated): 

Consider monotone 𝒇: 0,1 𝑛 → 0,1 . Then:

If 𝒇 is monotone then 𝒇(𝑥) ≥ max𝑦≺𝑥 𝒇(𝑦).

𝑥 is 𝒇-tight if have = above

Otherwise 𝑥 is 𝒇-slacky

“Lemma”:

Consider monotone distribution 𝝆. Then:
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Learning distributions

𝜌 is probability distribution over 𝑁 elements

Want 𝝆 − ෝ𝝆 1 ≤ 𝜀 (w.p. ≥ 2/3)

Algorithm

General 𝝆 → need Ω(𝑁) samples. 

Motivates assuming 𝝆 in special class.
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Partial order on 𝟎, 𝟏 𝒏: if 

𝑥 ≽ 𝑦 if 𝑥𝑖 ≥ 𝑦𝑖 for all 𝑖.

𝝆 is monotone over 𝟎, 𝟏 𝒏

if whenever 𝑥 ≽ 𝑦, 

then 𝝆(𝑥) ≥ 𝝆(𝑦)
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If 𝝆 is monotone, can learn with 
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Main result

Algorithm outline
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Definition: Tight and slacky elements

= +

𝒇 𝒈 “noise”

“noise” ≥ 0

“noise”
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2𝑛
≤ 𝜀

𝑥 is 𝒈-slacky 

𝑥 in one of 𝑂𝜀(1) special levels

The case of 0,1 -valued functions: most levels are 

completely tight

𝝆-slacky

𝝆-slacky

𝝆-tight

𝝆 not changing in between

We then have 𝝆 𝒙 = 𝝆 𝒚 = 𝜂 𝑥, 𝑦
(recall 𝜂 𝑥, 𝑦 defined as average of 𝝆 here). 

Largest predecessor

𝒚

𝒙

Few slacky levels is good for our algorithm

= +

𝝆 𝒈 “noise”

“noise” ≥ 0

“noise” 1 ≤ 𝜀
𝑥 is 𝒈-slacky 

𝑥 in one of 𝑂𝜀(1) special levels

Extending to monotone distributions

Unfortunately, one cannot guarantee literally this.

We get around this issue by carefully assigning weights to levels and 

bounding total weight of special slacky levels.

Monotone distributions over Boolean cube

Together with the 𝐿1 distance tester in [VV11], can be 

applied to test whether a distribution is monotone with 

O
2𝑛

𝑛
samples.
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1. For every 𝑖 ∈ {0,⋯𝑛} carefully pick a parameter 𝐿(𝑖).

2. Define 𝜂 𝑥, 𝑦 : =
1

2 𝑥 −| 𝑦 |
Pr𝑧~𝜌[x≽z≽y], graphically the average 

density here. And Ƹ𝜂 𝑥, 𝑦 : =
1

2 𝑥 −| 𝑦 |
Pr𝑧~{samples}[x≽z≽y] is the 

empirical estimate of 𝜂 𝑥, 𝑦 .

3. To estimate ො𝜌(𝑥), compute

max
𝑦 𝑠.𝑡. 𝑦≼𝑥 𝑎𝑛𝑑 𝒚 = 𝒙 −𝑳(|𝒙|)

Ƹ𝜂 𝑥, 𝑦
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Examples:

• 𝝆 uniform in upper half:

• If 𝑓 is {0,1}-valued : 𝒇-slacky elements                    DNF minterms


