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Introduction

Kernel method is an important prototype in solving many non-parametric ma-
chine learning problems, such as kernel ridge regression, support vector machine
(SVM), principal component analysis (PCA) and many others. Suppose there are
n data points {xi}ni=1 each of dimension d, the goal is to compute an n × n ma-
trix K where each entry Ki,j := k(xi, xj) where k is some kernel function and
K is a PSD matrix. Naively, computing K involves n2 evaluations of function k,
which takes O(n2d) time. In this work, we consider the high-dimensional or over-
parametrized setting, where d = poly(n), and data matrix X ∈ Rd×n is dense. In
this scenario, our goal is to spend nearly linear time on term nd to read the input
matrix X and shave off the dependence on d in later computations. This is of
particular interests in fields such as natural language processing, computational
biology and training over-parametrized neural network.
Instead of computing kernel matrix directly, we consider designing algorithm to
compute or approximate a polynomial kernel. The clear advantage is many pop-
ular kernels, such as Gaussian kernel, arc-cosine kernel [2] and neural tangent
kernel [4] can be well-approximated via their Taylor expansions, which means
an efficient algorithm for polynomial kernel leads to efficient algorithm to these
kernels. In fact, we classify kernels based on the coefficients in their Taylor ex-
pansions and design algorithms for them.

Main Problem

We first define the polynomial kernel. Let x, y ∈ Rd, then polynomial ker-
nel function of degree q is defined as pq(x, y) = 〈x, y〉q, and polynomial ker-
nel is P ∈ Rn×n where Pi,j = p(xi, xj). Observe that Pq = (X⊗q)>X⊗q

where X⊗q ∈ Rdq×n is defined with a lifting function φ : Rd → Rdq with
φ(x)i1,i2,...,iq = x

⊗q
i1,i2,...,iq

= xi1xi2 . . . xiq for i1, i2, . . . , iq ∈ [d].

Goal: compute an ε-approximation of X⊗q fast without explicitly forming X⊗q. By
approximation, we mean compute a matrix Z ∈ Rs×n where for any y ∈ Rn,
we have y>Z>Zy ≤ (1 ± ε) · y>(X⊗q)>X⊗qy which we will later denote it by
Z>Z ≈ε (X⊗q)>X⊗q.

Prior Works

There are many prior works addressing the problem of efficiently approximating
the kernel matrix, such as using random Fourier features [6], Nystrom method [7,
5], oblivious sketching method [1] and adaptive leverage score sampling [8]. We
remark that our method most resembles the work in [1], and we achieve superior
runtime of computing such an approximation when d = poly(n) and matrix X is
dense.

Our Result

Before introducing our algorithm, we first study the algorithm in [1]. Given x ∈
Rd, the goal is to compute an approximation to φ(x). Let s � dq be a smaller
dimension, the algorithm proceeds in the form of a binary tree: it first samples q
independent sketching matrices T ∈ Rs×d and apply each of them to x. At each
internal node, it picks an independent degree-2 tensor sketch Si : Rs × Rs → Rs
and then uses it to combine its two children. The root of the binary tree is the final
computation result.
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Our Result (cont.)

The advantage of above algorithm is it enjoys a great amount of independence,
since it uses different sketches for each node of the tree. This gives the ap-
proximation a very strong guarantee in the expense of greater computation cost,
since it needs a total of q applies of T ’s and q applies of S’s.
In contrary, our algorithm only uses one copy of T and one copy of S. It computes
Tx first then repeatedly applying the same S. In the language of binary tree, all
leaves are the same and all internal nodes use the same sketch as illustrated in
the diagram.
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By doing so, we only need to perform O(log q) instead of O(q) computations.
Especially, we only need to compute one leaf node, shaving off a q factor on term
nd and hence achieve a nearly linear dependence on nd. However, we only use
constant amount of randomness, and therefore get a weaker guarantee (only
spectral approximation of X⊗q). Nevertheless, it suffices for our applications of
approximating various kernels and solving kernel ridge regression by composing
with a smaller sketching matrix.

Theorem 1. Let q ∈ N+ and ε, δ ∈ (0, 1). For every X ∈ Rd×n, there exists a
distribution over oblivious linear sketches Π : Rdq×Rs such that if s = Θ̃(ε−2nq2),
we have

(ΠX⊗q)>(ΠX⊗q) ≈ε (X⊗q)>X⊗q.

Moreover, ΠX⊗q can be computed in time Õ(nd + ε−2n2p2).

Applications

We highlight four major applications of our algorithm.
Approximate Gaussian kernels. As one of the most well-known and popular

kernels, Gaussian kernel, defined asGi,j = exp

(
−‖xi−xj‖

2
2

2

)
, enjoys the benefit

that the coefficients in its Taylor expansion decay very fast ( 1
n!). This means in

order to achieve a good spectral approximation to G, it suffices to approximate
the first logarithmic number of terms in its Taylor expansion. We hence get the
following theorem:

Theorem 2. Let r ∈ R+ and X ∈ Rd×n be the data matrix such that for any
i ∈ [n], ‖xi‖2 ≤ r where xi is the i-th column of X. Suppose G ∈ Rn×n is
the Gaussian kernel of X, then there exists an algorithm that computes a matrix
Wg(X) ∈ Rs×n in time Õ(ε−2n2q3 + nd) such that for any ε > 0,

Pr[Wg(X)>Wg(X) ≈ε G] ≥ 1− 1/ poly(n),

where s = Θ̃(ε−2nq3) and q = Θ(r2 + log(n/ε)).

Classify p-convergent kernels. In addition to Gaussian kernels, we classify a
family of kernels based on the coefficients of their Taylor expansion:

Definition 3. We say a kernel matrixK is p-convergent if its corresponding Taylor
expansion is

∑∞
l=0Cl · (X⊗l)>X⊗l where Cl = (l + 1)−Θ(p).

As a direct extension to our result to Gaussian kernel, we get the following theo-
rem:

Applications (cont.)

Theorem 4. Let r ∈ R+ and p > 1 be an integer and X ∈ Rd×n be the data
matrix such that ‖xi‖2 ≤ r for all i ∈ [n]. Suppose K is a p-convergent kernel
matrix of X. Let s = Θ̃(ε−2nq3) and q = Θ(r2 + (n/ε)1/p). There exists an
algorithm that computes a matrix Wk(X) ∈ Rs×n in time Õ(ε−2n2q3 + nd) such
that with probability at least 1− 1/ poly(n), Wk(X)>Wk(X) ≈ε K.

We note that our classification also includes NTK, which is approximate a 1.5-
convergent kernel. To get a fast algorithm for approximating NTK, we use a
novel sampling scheme, where we exactly compute the first m terms in Taylor
expansion and then sample m terms from the remaining terms. By carefully
choosing the parameter m, we achieve a fast algorithm for NTK:

Theorem 5. Let X ∈ Rd×n be the data matrix with ‖xi‖2 ≤ 1 for any i ∈ [n].
Suppose K ∈ Rn×n is the NTKmatrix of X. Then there exists an algorithm to
compute a matrix Wk(X) in time Õ(ε−3n11/3 + nd) such that with probability at
least 1− 1/ poly(n), Wk(X)>Wk(X) ≈ε K.

Kernel Linear System. Solving PSD system involving kernel matrix via precon-
ditioning is another interesting line of application [3].

Theorem 6. Let G ∈ Rn×n be the Gaussian kernel matrix for X ∈ Rd×n
with ‖xi‖2 ≤ 1 for all i ∈ [n]. Let G = Z>Z and κ denote the condi-
tion number of Z, then there exists an algorithm that with probability at least
1−1/ poly(n), computes an approximate solution x̂ such that ‖Gx̂−y‖2 ≤ ε‖y‖2
in Õ(ε−2n2 log(κ/ε) + nω + nd) time, where ω is the exponent of matrix multipli-
cation.

Kernel Ridge Regression. Solving kernel ridge regression (KRR) is one of the
core tasks of applying kernel method. As we have noted before, our algorithm
does not provide a very strong guarantee that directly supports solving KRR,
however, by composing it with a sketching matrix with a much smaller size, we
can solve KRR fast and with provable guarantee.

Theorem 7. Let ε ∈ (0, 1), p > 1, λ > 0 and X ∈ Rd×n. If K is its degree-p
polynomial kernel with statistical dimension sλ := tr[K(K + λIn)−1] where λ <
ε−2λmax(K), then we can compute Z such that Z>Z ≈ε K in Õ(ε−2p2n2 + nd)

time. Moreover, there exists a matrix S with m = Õ(ε−1sλ) rows such that
the optimal solution x∗ to ‖S(Z>Zx − y)‖22 + λ‖Zx‖22 gives rise to a (1 ± ε)

approximation to the optimum of ‖Kx − y‖22 + λ‖X⊗px‖22. The KRR can be
solved in time Õ(ε−2p2n(n + m2) + nω).
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